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Abstract—Existing deep feature learning methods usually com-
pute semantic similarity on an embedding space over the average
of the extracted features, relying on delicately selected samples for
fast convergence. These deep learned features suffer from inter-
and intra-class variations since they are spread across the feature
space. In this paper, we present a rank-based feature learning
method by exploiting the structured information among features
for better separating non-linear data. By exploring Riemannian
manifolds’ geometric properties, the proposed approach models
natural second-order statistics such as covariance and optimizes
the dispersion using the distribution of Riemannian distances be-
tween a reference sample and neighbors and builds a ranked list
according to the similarities. Experiments demonstrate significant
improvement over state-of-the-art methods on three widely used
EEG datasets in motor imagery task classification. Furthermore,
the proposed method jointly enlarges the inter-class distances
reduces the intra-class distances for learned features.

Index Terms—BCI, Discriminative, Feature, Riemann, Rank-
ing, z-Score

I. INTRODUCTION

Learning semantic distance on a non-linear embedding space

using deep neural networks has been focused with the devel-

opment of deep metric learning algorithms in various areas [1],

[2]. The metric learning is usually measured over the average

of the extracted deep features, which tend to be scattered

across the feature space where a Euclidean distance metric

is used to measure the distance between paired examples.

Consequently, the deeply learned features are vulnerable to

inter- and intra- class variation problems. Particularly, many

scientific fields study data with an underlying structure that

is a non-Euclidean space. Hence, directly applying the state-

of-the-art Euclidean-based approaches often result in poor or

less informative performance. Furthermore, Euclidean distance

cannot preserve the correlation and the drawback limits to

understand non-stationary data. To overcome this problem, we

focus on developing a novel method on non-Euclidean space.

In this paper, we devise a new non-linear rank-based feature

learning method on Riemannian manifolds for EEG-based

motor imagery tasks [3]–[8] . The proposed approach provides

a measure of dispersion using the distribution of Riemannian

distances and rejects epochs whose covariance matrices lie out

of a region of acceptability defined by a z-score threshold. Our

method aims to pull positive points closer than the potato-

shaped region of acceptability (z-score) and push negative

points out of the boundary. We find that our method on a

Riemannian neural network [9] with rank perspective has bet-

ter performance than current Euclidean-based approaches for

learning discriminative non-linear embeddings. Our approach

can further jointly reduce the intra-class distances and enlarge

the inter-class distances for the learned features, and preserve

the correlations of the non-linear EEG features.

II. BACKGROUND

A. Riemannian Geometry in Metric Learning

A Riemannian manifold is a differential manifold equipped

with a varying inner product smoothly on each tangent space.

Riemannian metrics of the manifold are the family of inner

products on all tangent spaces. Several metrics have been

presented to capture its non-linearity. The two most widely

used distance measures as true geodesic distances induced by

Riemannian metrics are the log-Euclidean distance [10]

δL(Σ1,Σ2) = ‖log(Σ1)− log(Σ2)‖F (1)

and the affine-invariant distance (AIM) [11].

δR(Σ1,Σ2) = ‖log(Σ
−1/2
1 Σ2Σ

−1/2
1 )‖F

= (

C∑
c=1

log2λc)
1/2, (2)

where λc, c = 1, . . . , C are the eigenvalues of Σ
−1/2
1 Σ2Σ

−1/2
1 .

Most existing methods learn the SPD distance measure

in a more discriminative space such as the Euclidean tan-

gent space [12]–[14] and the reproducing kernel Hilbert

space (RKHS) [15]. Vemulapalli and Jacobs [12] proposed

a Mahalanobis-based metric learning method on the tangent

space. Huang et al. [13] introduced the LEM learning (LEML)

approach to transform the matrix on the tangent space to other

tangent spaces. Besides, several metric learning methods [16],

[17] combine the discriminative abilities of multiple types

of manifold representations into RKHS. Quang et al. [15]

generalized the LEM between two finite-dimensional SPD

matrices to infinite-dimensional covariance matrices in RKHS

by Hilbert–Schmidt operators. To overcome the inaccurate

approximation of the Euclidean space and preserve the SPD

manifold structure, Harandi et al. [18] proposed projecting the

high-dimensional SPD matrix into a low-dimensional manifold

and learning a metric in the new manifold.
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B. z-Score on Riemannian Manifolds

For a z-score for each epoch t, the measure of dispersion zt
of the Riemannian distance dt is computed as follows:

zt =
log(dt/μt)

log(σt)
, (3)

where dt = δR(Σt, Σ̄t−1) is the Riemannian distance between

the current covariance matrix Σt and the reference matrix

Σ̄t−1, which is the geometric mean of i ∈ [0, I] numbers

of Σi. The reference matrix Σ̄ can be defined by minimizing

the dispersion of Σ on the manifold M such as the sum of

squared distances:

Σ̄ = argmin
Σ∈M

NI∑
i=1

δ2R(Σi,Σ), (4)

where NI can be the maximum number of iterations. The

mean μ and the standard deviation σ are

μt = exp(
1

t

t∑
i=1

log(di)), (5)

σt = exp(

√√√√1

t

t∑
i=1

(log(di/μi))2. (6)

Then, according to an objective statistical criterion based

on z-score threshold zth, we set the threshold to 2.5 to

define the hull of acceptability, rejecting around 0.6% of data

under Gaussian assumption. We should note that Riemannian

distances are not normally distributed, but empirically follow

a non-negative highly right-skewed distribution. Hence, we

modeled them in Eq. (3), (5), and (6) by a log-normal or

chi-squared distribution [19].

III. PROPOSED APPROACH

Given a input matrix Σi and the associated label c = yi ∈
C, we first define the hull of acceptability by estimating a

reference matrix Σ̄ with positive pairs which are the same

classes as the anchor matrix Σi. Hence, adding a superscript

c to index the C classes in Eq. (3) ∼ (6), our method aims to

pull positive samples from the same class with c closer than

a predefined threshold zth and push negative samples out of

the boundary, separating the positive and negative sets by a

margin m as follows:

L(Σi,Σj , yi; f) = (1− yij)[zth − zcj )]

+ yij [z
c
j − (zth +m)]+, (7)

where yij = 1 if c = yi = yj and yij = 0 otherwise. m is

the margin between the positive and negative boundaries. zcj is

the z-score of Σj for a class c with the AIR distance between

two points δR(Σj , Σ̄
c
i−1) in Eq. (2).

We rank all sample points according to their similarities

to a given query Σi. We were motivated by the fact that

high retrieval quality does not depend on the actual distances,

but rather on the ranking order of the features from similar

examples. Our strategy retrieves samples on the class level

since instance-based sampling cannot guarantee that each

example has at least one neighbor in the same mini-batch.

That is, we focus on less trivial samples which have non-zero

losses in violation of the pairwise similarity for the retrieval

problem. In each class c ∈ C, we denote the sets of non-trivial

positive P̂c
i and negative N̂ c

i samples with respect to a query

Σi as

P̂c
i = {∀Σj |j �= i ∧ c = yi = yj , z

c
j > zth}, (8)

N̂ c
i = {∀Σj |c = yi, yi �= yj , z

c
j < zth +m}. (9)

Since a perfect clustering can be achieved if and only if all

distance to negative examples are larger than a boundary zth,

all samples from the same class are grouped into a hypersphere

with zth diameter. To pull all non-trivial positive points in P̂
together and learn a class hypersphere, we minimize:

LP (Σi, yi; f) =
1

|P̂c
i |

∑

Σj∈P̂c
i

L(Σi,Σj , yi; f). (10)

To push the non-trivial negative points in N̂ , beyond the

boundary zth +m, we minimize:

LN (Σi, yi; f) =
1

|N̂ c
i |

∑

Σj∈N̂ c
i

L(Σi,Σj , yi; f). (11)

We adopt the joint supervision of the two objective functions to

enhance the discriminative power of deep features as follows:

LRP (Σi, yi; f) = LP (Σi, yi; f) + λLN (Σi, yi; f), (12)

where λ controls the balance between positive and negative

sets. With the joint supervision, not only the inter-class fea-

tures differences are enlarged, but also the variations of the

intra-class feature are reduced.

In order to optimize the proposed method within mini-

batches. Each mini-batch is randomly sampled from the whole

training classes, emits one value, and the overall objective is

the average of the values as follows:

L̄RP =
1

N

∑
LRP (Σi, yi; f), (13)

where N is the batch size and geometric statistics are updated

as

μi = exp((1− βδ)log(μi−1) + βδlog(di)), (14)

σi = exp(
√
(1− βδ)(log(σi−1)2 + βδ(log(di/μi))2), (15)

Σ̄i = Σ̄
1
2
i−1(Σ̄

− 1
2

i−1ΣiΣ̄
− 1

2
i−1)

βδ Σ̄
1
2
i−1, (16)

where βδ ∈ [0, 1] defines the learning rate for adaptation

in online implementations. A hyper-parameter NI in Eq. (4)

defines the number of positive covariance matrices used for

initializing the region of acceptability to model an accurate

estimate for the mean and the distribution of distances to it,

which will significantly influence the retrieval performance.

Otherwise, the region of acceptability will be inefficient to

separate negative examples. For the calibration method to

initialize the region of acceptability, we uniformly sample

the NI numbers of samples for each class c and estimate



TABLE I
COMPARISON WITH THE STATE-THE-OF-ART METHODS ON DIFFERENT

DATASETS.

Method
EEGBCI BCICIV

mAP R@1 mAP R@1

MDM 54.3 54.9 27.4 28.1

FgMDM 56.2 55.7 31.8 33.4

SPDNet-Softmax 66.1 64 42.4 42.3

SPDNet-Contrastive 53.1 54 33.4 35.3

SPDNet-Semihard 46.4 48.2 32.8 34.4

SPDNet-Random 49.6 50.4 30.5 32.8

Ours 69.3 68.2 44.2 45.5

the geometric statistics μ, σ, and Σ̄ in Eq. (4) ∼ (6) before

training.

IV. EXPERIMENT

We compared our approach against the following state-of-

the-art methods as described in the Background section:

MDM [20], FgMDM [21], SPDNet [9]. Because SPDNet

basically has one softmax layer, we conducted a further

evaluation of SPDNet using two popular metric loss functions:

contrastive (SPDNet-contrast) and triplet (SPDNet-triplet) loss

functions [1]. We report the mean average precision (mAP)

and the Recall@K (R@K) on the state-of-the-art methods

associated with EEG datasets described below.

A. EEG Datasets in Motor Imagery Tasks

We evaluated the proposed system for motor imagery classi-

fication tasks using two EEG datasets.

• BCICIV [22]: The BCI competition IV Database-Dataset

IIa (BCICIV) consists of 22-channeled EEG signals at

250 Hz from nine subjects. The subjects were asked to

imagine four different motor imagery tasks until a fixation

cross disappeared from the screen at 6 s. The dataset

consisted of 6 runs of 48 trials (12 for each class) during

2 sessions conducted on different days.

• EEGBCI [23]: The EEG Motor Movement/Imagery

Dataset using the BCI2000 system (EEGBCI) contains 64

channeled EEG signals at 160 Hz over 1500 1- and 2-min

recordings from 109 participants. During this experiment,

we used EEG signals obtained in a two-class (hands vs.

foot) motor imagery task (Task 4).

B. Experimental Setup

1) EEG Preprocessing: EEG signals are first band-pass

filtered with a bandwidth of 7−30Hz for the two datasets [24]

with electrode-wise exponential moving standardization for

normalizing the continuous data. Each EEG signal is repre-

sented by a channel × channel SPD matrix, which is calculated

using a second-order statistics.

Fig. 1. The t-SNE result of the deep features learned by (a) our method and
(b) the SPDNet method on EEGBCI dataset.

2) Training, Validation, and Testing Datasets: We con-

ducted this experiment based on a 5-fold cross validation as

follows. We split the full datasets into fifths for testing. From

the remaining data (four-fifths of the total data), we used one-

fifth of the remaining data for validation and four-fifths for

training. Note that the training, validation, and testing data

were subject-wise.

3) Network Configuration and Parameter Settings: For a

fair comparison, all methods applied a batch size, learning rate,

weight decay, and momentum of 16, 10−2, 10−3, and 0.9, re-

spectively, as the training parameters. The initial weights were

set to random semi-orthogonal matrices, and the rectification

threshold ε was set to 10−4. Early-stopping during validation

with a fixed patience size was adopted to prevent an overfitting

in learning the deep features. We configured a block pair of

BiMap and ReEig with LogEig and FC layers for all variants

of SPDNet. The sizes of the transformation matrices are set to

22 × 18 for BCICIV and 64 × 56 for EEGBCI, respectively.

For other parameters of the compared methods, we empirically

set the best parameters with the highest accuracy based on the

original study.

C. Experimental Results

Table I summarizes the classification results on the two

datasets. Overall, the proposed approach outperformed all

the compared methods, which validates the effectiveness of

ranking-based strategy for learning discriminative features to

classify different motor imagery tasks. Among the baselines,

the triplet loss always performed the worst. Furthermore, when

triplet loss with hard negatives, the bad results imply the loss

may waste gradient update on input features far away from

the decision boundary. These results support the significance

of mining examples. Pairwise or triplet based metric losses

require careful sample mining and weighting strategies to

obtain the most informative pairs of samples, particularly when

considering mini-batches.

Fig. 1 shows the pairwise distances between the centers of

each class and matrices within a class (intra-class distances),

and with different classes (inter-class distances). This result

indicates the discriminative power of our approach. The fea-

tures learned by our model exhibit more clear discriminative

structures, while the other methods present relatively vague

structures.



V. CONCLUSION

In this paper, we proposed a rank-based discriminative feature

learning method and showed the efficacy on classifying non-

linear EEG signals in motor imagery tasks. The proposed

method achieves state-of-the-art performance, reducing the

intra-class distances and enlarging the inter-class distances for

learned features. Our next work will further study the non-

stationary nature of brain activity as revealed by EEG. Hence,

we will investigate the efficacy of the proposed method for

discriminating EEG signals under various datasets in EEG-

related tasks such as emotion recognition [25]–[30].
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